WtMm kij und 1^ Iff thf liquid Uvtli on tha Inildi and outsldo rtspectlvely, rif^rrad to 
lOM liiHriry ^clnt. Th^ diffarinca In tha vacuum capacltanca, and tha (small) vartlcal 
tffaatft AN eantiltMd In tha factor AC(0), which 1i tha capacitance dlffaranca maasurad 
wMla tha outalda and Inslda ara \v aqulllbrlum. 

Tna vapor Inslda tha capacitor was assumad to ba at tha tamparature of tha liquid. 
This was obviously trua for tha Insleis capacltori and was assurad for tha outside capacitor 
by placing It Inside a copper tube whose lOVcr end was liMersed In the liquid. Any re- 
sidual radiation leak to tha capacitor could be absorbed by thw high conductivity of the 
suparfMd helium film. 

The capacitance difference was measured directly by the use of the system shown in 
Mg. 9, which Incorporates the use of a commercial capacitance bridge of the ratio-trans- 
former type. The outside capacitor was connected to the ^^unknown*' ports of the 
bridge, and the Inside capacitor was connected to tha ''external standard" ports of the 
bridge. With the appropriate settings, the Indicated capacitance at balance Is equal to 
the difference of th(»se two cepacltors 

In order to maintain a fixed lev^i difference between the Inside and the outside, the 
desired capacitance difference was set on the bridge, then the corresponding level dif- 
ference was approximated by manual adjustment of th. vertical level of the vacuum can, and 
then the level control feedback system Indicated In Fig. 9 was activated. The signal 
conditioner produced a signal derived froni the error signal and Its time Integral. This 
was combined with a large manually controlled offset signal to form the velocity command 
for tha motor-controller systeiri. A digital volt-meter at this point served to monitor the 
vertical speed of the vacuum can. A galn-of-one amplifier (not shown) was used to float 
tha velocity command voltage so as to meet the Input requirement of the motor-coniroHer. 
When running smoothly, the system was capable of maintaining a set capacitance difference 
within 30-50 ppm. The main trouble encountered was rough movement In the pulley used to 
counterbalance the weight of the moving system. It was quite obvious when the system 
became stuck, and so the data could be retaken. 

The configuration of Fig. 9 was altered slightly for the equilibrium data points. 
First, as mentioned earlier, the Inside heater was turned off, then the controls on ihe 
bridge changed so that the off-balance signal was determined by the difference of from 
a set value, and then the control system was activated. This had the effect of maintaining 
the outside level fixed relative to the vacuum can. When transients had died away, this 
allowed measurement of several parameters with the Inside and outside at complete equlll- 
bfluii I.e., no mass or heat flow, no temperature or pressure difference. As mentioned 
earllefi the temperatures were recorded as a check on their stability. Also measured was 
tha email downward velocity necessary to maintain a fixed outside level, because this 
allowed determination of the evaporation rate of the outside He bath. Thar the velocity 
was ^' at this value, and the bridge controls changed back so that AC(0) could be meas- 
ured. 

The dielectric constants were at first computed from the C1aus1us*Mossott1 equation 
and pelarliablllty found In NBS Technical Note 631 (26], the liquid densities taken from 
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Figure 9. A schematic drawing of the system used to maintain a constant 
difference between the Inside and outside levelSi 
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tht tt^'t of Donnelly [7], and the vapor dansltlai from ths Ideal gas equation of static. 
Th^. could alio be derived fron full vs. empty measurements) which were found not to agree 
with the calculations. The reason was found to be Inconsistent units In the Clauslus- 
Mosiotti equatlori as found In the above reference, which had the effect of making the 
polarlzablllty too small by a factor of 4n/3M ^ 1.047 (M » molecular weight). With this 
correction, the agreement was excellent between the calculated value of e at 1.92 K of 
1*05736 and the measured value of 1.05740. It was found that while the values of e and 
varied significantly with temperature, their difference was constant to within a part per 
thousand over our temperature range. Therefore, the calculated value of e e' - 0.05714, 
appropriate for the highest temperature, where other results depend most sensitively on Its 
va1ue» was used for all temperatures. Z^/l was taken to be 0.5599 pF/cm, the average of 
the values measured for the two capacitors. Combining all these factors leads to the 
expression for i^'^i-^ actually used In equation (21), 

cm / \ 
Z2 - Zj = -31.27 pF (ACCZg-Zj) - AC(0)j (25) 

where AC(0) was slightly different for the different temperatures. 

This single simple calibration served for the entire long run, because the capacitors 
proved to have excellent stability and linearity, as determined by the regular measurement 
of AC(0). By varying the point at which the outside level was fixed during an equilibrium 
point, the two capacitors could be compared with each other over a significant fraction of 
their lengths. It was (!;^s{rab1e to keep equilibration times short, so that equilibrium 
points were taken only where the Inside level was still In the narrow section, thus limit- 
ing the comparison to the lower 2/3 of the Inside capacitor and the lower 1/3 of the out- 
side capacitor. Within this range, AC(0) was found to be essentially Independent of 
height and time. Expressed as a height difference, via equation (25),the standard deviation 
of AC(0) for all the equilibrium points was 0.01 cm. It Is thought that the good stability 
and linearity of the capacitors Is due In part to several design features arrived at by 
trial and error. They are: (1) a mounting for the Inside tube that allows some small 
axial movement, which prevents compression and bowing of this long slender column, and (2) 
the rather wide gap, whose proportions appear to be about the optimum compromise between 
sensitivity to level change and Insensltlvlty to dimensional errors, particularly lack of 
coaxial Ity. 

A remark should be made about the limitations that the experimental method placed on 
the pressure difference measurements. They are due to the vapor pressure difference caused 
by the temperature difference between the Inside helium vessel and outside bath [the first 
term In eq (21)]. If this term was large, then the liquid level difference had to be 
large and of opposite sign for those flow regimes In which the total pressure difference 
was small (essentially flows for which V was small). For an extreme example, at T 1.92 K 
with AT ^ 0.047 K and V 0, the Inside level Z2 was 25 cm below the outside level, z^. 
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3*5 Hatt Flm; RaU 

Tht volunetrlc flow rate through the flow tube was datermlnad from the gaoMtry of the 
apparatui and from the vertical speed of the vacuum can that wet necessary to maintain a 
fixed level difference between the inside and the outside helium spaces. 

The functional relation between these quantities was determined by eppllcetlon of the 
mats conservation relation to the geometry sketched In Fig. 10. The upward velocities of 
the outside liquid surface, the Inside liquid surface, and the vacuum can (all with respect 
to some fixed point In the laboratory), are designated by V^, and V^^ respectively. The 
areas of the Inside liquid surface, the outside liquid surface, and the dewar are desig- 
nated as A^, and A^. 

The small amounts of mass entering or leaving the vapor phase can be Ignored, so that 
mass conservation can be expressed In terms of the liquid volumes as 

volume added outside volume added Inside 
volume evaporated » 0 

Durlns the small time Interval dt, the volume added Inside Is (V^-Vjj)A^dt. If we designate 
V^(< 0) as the velocity of the vacuum can during an equilibrium data point, and assume that 
the evaporation rate Is not time dependent, then the volume evaporated In time dt Is - 
V^A^dt. (The correct area Is A^ and not A^ because the volume displaced by the vacuum can 
remains constant during the equilibrium point.) The volume added outside has two contribu- 
tions: the added volume on the surface area of V^A^dt, and the volume that has been 
vacated by the movement of the can = Vjj(A^ - ^o^^*' result Is 

Vo ' Vb(A^ - A^) + (V^ - V^)A^ - V^A^ = 0 (26) 

But under the conditions of the experiment, the level difference between the Inside and the 
outside remains constant, therefore 

V^=V^ (27) 
Thi average velocity of net fluid flow through the flow tube (V) Is expressed as 

V = (V^ - Vb)A/A^ (28) 
where Is the cross-sectional area of the tube. Combining the above equations gives 

\ \ '^i 

As defined, V Is positive for flow toward the inside. 
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In ordtr to covtr a wider range In flow rates, the Inside helium space was construct* 
ed with a wide croii-iectlon for the top one-thl^'d of the Inside capacitor, and a narrow 
croii-sectlon for the bottom two-thirds. In order to allow large level differences for 
Inflow It wai often necessary to have the outside level well above the top of the wide 
itctlon of the Inilde space, hence well above the top of the vacuum can. In all then, 
there were four different combinations of Inside and outside surface areas for which data 
could be taken; the parameters, and the ''mode" Identification numbers used on the data 
sheets, are listed In Table 1. 

3.li The Flow Tube 

The flow tube used In this experiment was a commercial quality stainless steel tube 
with an o.d. » 0.160 cm, and an l.d. determined to be 0.1149 ± 0.0006 cm. It had a length 
(Ij of 60 cm and was wound In two turns of 10 cm diameter. The inside end was mounted 
about 3.5 cm above the outside end. The ends were cut off square. 

The inside diameter was determined by room temperature gas flow measurementi performed 
after the experiment, but while the tube was undisturbed in its mounting on the apparatus. 
The results seemed inconsistent until it was realized that, in laminar flow, even the 
rather Stitall curvature of the tube could have large effects on the gas flow. Helium gai 
and nitrogen gas were used to cover a range in Reynolds' number (Re) from 55 to 1930. The 
volumetric flow rate of gas was measured by a wet. test meter whose calibration against a 
bell prover had a standard deviation of 0.6%. The pressure drop (AP) across the flow tube 
was measured by the commercial capacitance manometer used in the experiment. The 
volumetric flow rate was multiplied by the factor (1 - ^^/^q) to correct for the water 
vapor added by the wet test meter (where P^ is the ambient pressure, and P^ is the vapor 
pressure of water at the ambient temperature). The idea' gas equation of state was used, 
the temperature taken to be ambient, and the density of the gas taken to be the mean of the 
values calculated for the ends of the tube. The fractional pressure drop never exceeded 
0.18. Thus we obtain the equivalent volumetric flow rate n of dry gas. 

The data were analyzed by using the laminar flow equation for a straight tube applied 
to the lowest Rri data to deduce a diameter D. This was then used to calculate the (Fanning) 
friction factor f as a function of Re. The equations used were 

. _ n2 AP /i X AP \ ,30N 
4PQfi 

where P^ the mass density of dry gas at anbient temperature and pressure. The viscos- 
ity n '^as taken from [26] and [27]. We have plotted in Fig. 11 the experimental friction 
factor divided by the expected valuer for a straight tube in laminar flow; the solid line 
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Figure 11. The results of the room temperature gas flow measuraments 
on the flow tube. 
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Is the formula of White [28] for curved tubes calculated for our dIaMtar of curvature 0^. 
The good agreement makes us confident that the correct value of the diameter has been 
found. The principle uncertainty in Its mea^^urement Is the uncertainty In the volumetric 
flow measurement and Its corrections. The deviations from the celculeted values ov^r the 
entire range of the measurement Indicate a standard deviation for 0 of about O.SK. 

Precautions were taken to prevent or reduce any effects on the flow due to the 
presence of frozen air. The first was the protected location of the outside end of the 
flow tube; It was In a chamber which was recessed about one Inch Into the bottom of the 
base plate (see Fig. 7.). Such a Icc^tlon appears Inaccessible to condensing air or 
falling air particles. Of course, only helium gas was allowed to be present In the dewar 
during the cooldown. Another precaution was the addition of a filter (which used ordinary 
chemical filter paper) onto the transfer line used to fill the helium dewer. In en effort 
to reduce buildup of frozen air during the long run. 
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The only problem which could not be definitely eliminated was a cumulative buildup of 
those particles small enough to remain In suspension In the liquid helium; they might be 
expected to accumulate from air introduced during the Insertion of the transfer tube, etc. 
There was 'no w^y to me9^ure their concentrawion, nor are we aware of any data on the sizes 
of particles that might be expe. .ed to remair in suspension. However, the lack of any 
significant cumulative shifts In data polntis that were repeated during the 35-d5y run, we 
take to be good evidence that suspended solic particles were not a significant problem. 
See, for example, the good reproducibility i> IX) of the T = 1.39, AT 0.019 data taken 
at the very beginning and end of the long rur (e.g., data points 9 422 and ^0 515). 

That evidence Is reinforced by a mishap that took place early on October 1. A 
technician working nearby accidentally knocked off a large rubber vacuum hose used to pump 
on the helium dewar. At the time, the liquic helium was probably warm enough to be at a 
vapor pressure above atmospheric pressure, bit still. In the 30*60 seconds It took him to 
replace the hose, we would guess that more air should have been Introduced than during all 
the previous activities. Again, no significant changes In the repeated data can be seen 
following that d^^te. 

3.7 The Energy Flow Measurement 

The Inside helium vessel and the flow tub*) were surrounded by an Insulating Vcacuum. 
Thus the energy flow through the tube could be determined from an energy balance 
calculation. The essential elements of the situation are shown In Fig. 10. The unusual 
feature of this calculation turns out to be the large Influence of Che vapor that Is 
present. 

The energy balance Is done In two parts; first we calculate the change In total 
energy of the helium In the Inside vessel (the control volume) from thermodynamics applied 
to a small change In Its mass. The conditions of the change are that the temperature, and 
hence the vapor pressure, remain fixed and that the total volume Is fixed, even though the 
total mass Is changing. Designating the specific volumes of the liquid and vapor as v and 
v' (not to be confused with the velocities v^, v^, V), and the specific Internal energies 
as u and u', we find that the Increases of total mass M, of total volume, and of total 
energy U are given by 

dM = dm + dm' 
d(Vo1)|j^p = V dn + v' dm' = 0 

Ht,P,Vo1 = " ^i"' (31) 

where dm and dm' are the Increases In the liquid and vapor masses. Combining these 
equations gives 



(32) 



He can m% ttra dtflnltlon of the chmlcal potential, eq (16), and the well known fact that 
tiM chmlcal potentials of the liquid and vapor are equal in equllibrlun, to find that 
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u' = u - P(v' - v) + T(s' - s) (33) 

Substituting Into the previous equation and using the Clauslus-Clapeyron equation for the 
slope of the vapor pressure curve fgjjsvp definition of dM In terms of the tube 

cross-stctlon and the average velocity 



we find 



dM = pVAjjdt (34) 



dUlr.p.vol = tP^''»^ - VT (|f)svplVt (35) 

In the second part of the energy balance calculation w express dU In terms of the external 
sources of energy. I.e., In terms of the energy that flows through the boundaries of the 
control volume. They are the heating rate Q of the Internal heater and the energy flux 
jyA^dt that enters through the flow tube. As discussed In section 2, this energy flux can 
be expressed In terms of the enthalpy flux and the heat current q, using equations (18b) and 
(19). Equating this to the previous equation gives 

0 * (pVh . q),„,A, = [pVh2 - (i?)svp.T2lAx (36) 

The energy flux on the left hand side Is to be evaluated at the entrance of the flow tube 
to the Inside helium vessel. The energy change on the right hand side Is to be evaluated 
at the temperature and pressure that prevail within the Inside vessel, whose values are 
Indicated by the subscript £. Let us define the heat flux density 

^2 = - ■ VT2(i?)svp.T2 (37) 

If the temperature and pressure are essentially continuous at the entrance, which we expect 
to be true in most cases, we have h^,^^ - h2i and so q^,^^ - (\2. In any case, by application 
of eq. (20), we can find q(x) at some location x, if we know q2 and the temperature 
and pressure at x. For our case the relation is 

q(x) = qg + pv(h2"''(^j) (38) 

We shall quote all our results for the energy transport as values of q2. As defined, the 
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•Ign convtntlon of 92 Is consistent with the one for V [eq. (29)] » so that heat flow away 
froii the (hightr ttiptrature) Inside vessel has a negative sign. 

The ucond ttni of eq (37) Is readily Interpreted as the heat of condensation (or 
evaporation) that nust be absorbed by the liquid In order to change the vo'.uiie of vapor. 
Its prttence Is due to the particular configuration used to perform the experiment. At the 
higher temperatures of this experiment, It becomes nearly as large as 0/\ fcr the larger 
values of V, and thus Its presence causes a significant deterioration In the measurement 
accuracy of q2. It Is the quantity q2 that Is most significant (not 0/A^) because It Is 
the quantity to be compared to the of section 2. 

This heat of condensation also Introduced an extra limitation In the range of veloc- 
ities for which data could be taken. For fixed AT, It was often found that for Inflow 
(V > 0), when this term acts like an extra heat source, that Its magnitude Increased more 
rapidly with V than the heat conducted out (q2). Therefore, It was not possible for 
eq (37) to be satisfied with positive values of 0 If V was greater than some particular 
value. When encountered, this limiting value of V Is Indicated on the graphs of q2 vs. V 
(figs. 22-25) by a vertical bar. 

We have neglected the kinetic energy terms In the total energy balance because they 
can be shown to be quite small for all the conditions encountered In this axperlmeret. We 
have also left out gravitational potential energy terms, because a careful accounting of 
them fcand that they Just cancelled the work done on the fluid by the movement of the 
container. In Appendix 2, we rederlve eq (36) with a full accounting of potential energy 
terms and the work done on the fluid In raising or lowering the vessel. 

3.8 Extraneous Heat Flows 

The energy balance equations that have been given for determining the heat flow are 
correct only If we have accounted for all the energy exchanges. I.e., only If there are no 
extraneous heat flows between the Inside and the outside helium vessels. Below are ex- 
plained the precautions taken and the tests made to ensure that these extraneous heat flows 
were small. 

The poor thermal conductivity of the stainless steel walls of the vacuum can dictated 
that It be surrounded by a heat shield, HS of Fig. 5. This took the form of a thin (0.04 
cm) copper sheet fitted to surround the sides end top of the vacuum can. Its lower end was 
^^wi^s Immersed In the liquid, and Us upper end was soldered to the support tube 10 cm 
ebove the top of the vacuum can, thus Intercepting the heat conducted down the support 
tuber On the Inside of the support tube, the lower 10 cm was stuffed with coarse brass 
wool to act as a radiation shield. 

The Inside helium space was supported by three long, thin-wall stainless steel legs 
that attached to the bottom (or base plate) of the vacuum can. The rather close fit sug- 
gested the precaution of mounting three sharpened nylon screws on the legs just below the 
wide section of the Inside space; they could be extended so as to maintain a fixed spacing 
between the Inside space and the vacuum can. All electrical leads that went to the Inside 
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space were first themally "tempered" to the base-plate and were of low thertAal conduc*- 
tivity wire. 

It was not practical to maintain a good vacuum at all times in the vacuum space, 
because this prevented the inside helium space from ever cooling down enough to fill with 
1iqui(i. Therefore the inside sp^^ce was filled before coo1*-down with hydrogen gas at a 
pressure of a few Torr.* This Qcted as a thermal exchange gas, as long as the vacuum can 
remained above 10 K. Once the vacuum can was cooled below 3 K, the t\ydrogeL gas was 
frozen to the walls or adsorbed onto about 3 cn^ of ''molecular sieve" that was present 
After the first transfer was comoleted and the vacuim gauge outgassed, the seals were 
checked by monitoring the vacuum space for several hours with a He leak detector; it was 
checked again several d^ys later. The vacuum was monitored throughout the long run by 
a Phillips-type vacuum gauge mounted on the top of the support tube. It registered 
2-5 X 10*^ Torr during data taking, except for jumps of an order of magnitude (which 
lasted 1-2 minuces) that were caused by the sudden withdrawals of a good fraction of the 
vacuum can from the liquid; this was almost certainly due to slight desorption of hydro- 
gen from the suddenly warmer walls. 

The thermal Isolation was checked directly at the beginning of the run by measuring 
the total thermal conductance between the inside and the outside at temperatures above the 
lambda point. This was done by maintaining a fixed outside temperature T2 = 2.31 pro- 
viding a small heat input with the inside heater, and waiting 1-2 hours for the temperature 
to equilibrate at a value 0.5-1.5 K higher than the outside temperature. The vacuum can 
was completely immersed for these measurements, but the higher temperature of the inside 
prevented liquid from entering. (It was found that this type of test can be very mislead- 
ing if there exist any pockets on the inside that c^n trap liquid; the relatively large 
latent heat of the liquid that Is being evaporated on the inside and condensed cn the 
outside can cause a large and long-lived false conductivity). 

Assuming that the thermal conductance linking the inside and the outside is tempera- 
ture independent, the three data points that mre taken yielded a valuie for the thermal 
conductance of 1.5 x 10*^ W/K. This value is about 1 1/2 orders of magnitude larger than 
was calculated for conduction through the 1egs» electrical leads, etc. It was found that 
conduction through the low pressure hydrogen gas could account for the conductance, if the 
indicated pressures at the Phillips gauge were taken at face value. Still, this value for 
the conductance was low enough so that we could choose to ignore the unexpected persistence 
of unchanged indicated pressures (2 - 5 x 10*^ Torr) at the lower temperatures, where the 
calculated vapor pressure of hydrogen should be considerably smaller. 

These same measurements indicated that a heat input of 2 ^ ;0*^ W remained at AT « 0. 
This could represent a real heat leak (e.g., incomplete radiation shielding), or it could 
reflect a small temperature dependence in the thermal conductivity. This heat leak, if 
real, would require that all values of q2 be corrected by the addition of -0.019 W/cm^. 
Since data could not be taken at low enough AT's to distinguish between the two alter- 
natives, we have not made this correction to the data, and instead view this as an upper 
limit to the possible systematic error in qj. 

*1.0 Torr - 133.3 Pa. 
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3.9 Error Estlmaf s 

The trrors of this data are not always as rmall, nor as accurately known, as night be 
wished, primarily because of the exploratory nature of the experiment. The method was new, 
the results could be only crudely anticipated, and It seemed more deslrr.ble to emphasize a 
broad range for the measurements rather than concentrate on their accuracy. Given these 
conditions, they seem satisfactory. The errors for quantities given In Appendix 1 vary, 
depending on the conditions, and are summarized In Table ?. 

A pfrt of the random error In the temperature and pressure difference measurements 
could be evaluated quite reliably from the variation of the equilibrium point data. T*h1s 
variation should InclJde the effect of electronic noise. Intrinsic sensor resolution, drift 
In the sensor characteristics, and Inaccuracies In the data reduction. Including all the 
equilibrium point datii, we find that the temperature difference had a standard deviation of 
(4, 3, 2, and 4) x 10*^ K at the four temperatures of 2.10, 1.92, 1.65 and 1.39 K respec- 
tively. The standard deviations for the height difference were 0.016, 0.012, 0.009 and 
0.011 cm respectively. Through eq (21), these figures Imply a standard deviation for the 
pressure difference of 0.4, 0.2, 0.1 and 0.1 Pa respectively. 

For the regular data points there may exist an extra source of random error that Is 
not Included In the figures given above; It Is the fluctuations that might be Introduced by 
the control systems that are used to maintain a ''constant" temperature and pressure dif* 
ference. The short term fluctuations In the altitude and temperature differences (time 
constants of a few seconds) were judged by the error signals of the feedback systems to be 
rarely more than 0.02 cm and 0.0001 K. However, because It Is the time-average values that 
count, it Is the longer term fluctuations (the drift during the 3-5 minutes It took to 
record the data) that determine the real error. For the altitude difference, we estimate 
that this source of error was negligible. Unfortunately, the temperature sensors of the 
control system (but not the temperature measuring system) were found to drift. On bad 
days, these drifts caused progressive shifts in the measured AT of 2-3% over the course of 
the day. In the worst cases, the rate of drift suggests that AT should change by an amount 
somewhat less than the errors given aoove. Somewhat arbitrarily then, we increase the 
error estimates of AT by 50%. Our final estimate of the random error (one standard devia- 
tion) 1n aT is (6, 4, 3 and S) x lO"^ K, and in AP is 0.6, 0.3, 0.2 and 0.1 Pa, respec- 
tively, for the four mean temperatures. 

The systematic error in temperature difference is determined by the systematic error 
in the pressure measurement during calibration as discussed below. This leads to a system- 
atic error in temperature difference of between 0.5% and 0.7%. 

The pressure difference is subject to systematic error, due to uncertainties in the 
capacitance-to-altitude conversion. Estimated at 2 parts per thousand, it implies a 
possible systematic error of 2.8 x 10 x (z2'zpPa, where z is expressed in centimeters. 
This error becomes significant only for the large AT*, small V, data at the higher tempera- 
tures. 

The errors in the mean temperature are determined by the errors in the vapor pressure 
measurements used to calibrate the thermometers. We could evaluate the random errors in 
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Tabic 2. EitlMted Errors 



RandM Error (la) 
SyttMMtlc Error 



Ntatured 




Tenperature 






(Units) 


2.100 


1.919 


1.650 


1.395 


T (K) 


0.2 irK 


0.2 nK 


0.3 rK 


0.4 nK 




1.1 inK 


1.1 mK 


1.1 mK 


0.8 mK 


AT (K) 


0.06 mK 


0.04 mK 


0.03 RiK 


0.06 nK 




0.005 AT 


0.006 AT 


0.006 AT 


0.007 AT 


Az (en) 


0.01 cm 


0.01 cm 


0.01 cm 


0.01 cn 




0.002 Az (cm) 


0.002 Az 


0.002 Az 


0.002 AZ 


AP (P«) 


0.6 Pa 


0.3 Pa 


0.2 Pa 


0.1 Pa 




0.03 Az (cm) 


0.03 AZ 


0.03 Az 


r03 AZ 


V (Cffl/S) 


0.02 V 


0.02 V 


0.02 V 


0.02 V 




0.02 V 


0.02 V 


0.02 V 


0.02 V 


(W/cffl^) 


0.01(q2+0.047 V) 


0.01(q2+0.030 V) 


0.01(92+0.013 V) 


0.01(92+0.004 V) 




0.01(q2+0.047 V) 


0.01(q2+0.030 V) 


0.01(92+0.013 V) 


0.01(92+0.004 V) 
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thi c«1ibr«t1oni at 1.92 ^.nd 1.39 K, from the standard deviations for data taken on several 
dlffertnt occaaloni; they were 0.2 and 0.4 mK respectively. A few simple tests Indicated 
that systeRiatIc errors due to placement of the pressure probe could not be too much larger 
than this. The absolute calibration of the pressure gauge could not be confirmed In the 
region of Interest; If we take he manufacturer's estimate and Increase It by a factor of 
threii we arrive at a systematic error In pressure of about 0<3%. This Implies a syste*- 
static error of about 1 mK In mean temperature on the Tgg scale. 

The random error In V Is determined frorr .he standard deviation In the voltage-to- 
speed conversion (1.5X), the estimated accui :y to which the voltage fluctuations could be 
averaged by eyei (1%), and the non- uniformity 1n the geometry (1%). Combined In quad- 
rature , this gives a random error of 2%. An estimate of the error In geometry suggests 
that each mode might have a systematic erro^^ as large as 2% of V. 

The relative error In q2 (both random and systematic) depended rather strongly on the 
conditions of the m«^asurement, oecause of the sometime large value for the vapor's latent 
heat correction (second term of eq (37)). Assuming an error In V of 2X, we find that the 
error In q2 Is given by crV (V In cm/s), where u has the values of (4.8, 3.0, 1.3 and 0.4) 
X 10** for the temperatures of 2.10, 1.92, 1.65 and 1.39 K respectively. At the 
most extreme ^slue of V (70 cm/s), this corresponds to errors of 0.033, 0.020, 0.009 and 
0.003 W/cm^. When V Is small, and q2 Is large, this error Is not too significant, and we 
must Include the estimated random and systematic errors of the first term In eq (37) of 
IX and IX respectively. 
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4. RESULTS AND DISCUSSION 



Data ware collectad at four values of the mean of the outside and the inside tenh 
perature. Using the formulas given In section 3, each data point was reduced to give 
values for the actual pressure and temperature differences between the ends of the flow 
tube and the resulting steady state values for the net fluid velocity V and the heat flux 
density These results are presented In tabular form in Appendix 1, along with some 
other data and derived quantities of Interest. 

4.1 The Net Fluid Velocity 

Nearly a11 the results for the net fluid velocity V (the actual mass flow rate di- 
vided by the total density and the flow tube cross-sectional area) are shown In Figs. 12** 
15. The absolute values of V have been graphed there as a function of the absolute value 
of the pressure difference, so that data for both directions of flow are superimposed. 
The value of the nominal temperature difference is indicated by the symbols; the measured 
temperature differences may differ from the nominal by as much as 3X, due to the drifts 
discussed earlier. 

More than half of the results might be summarized In a very simple statement: they 
are largely indistinguishable from those of an ordinary fluid In fully developed turbulent 
flow. This statement applies for those flows at the larger velocities or Reynolds num- 
bers, which are the ones most likely to be of interest for applications. 

These graphs of |AP| vs |v| reveal quite distinctly one of the Important results of 
this experiment: V depends primarily on AP its dependence on AT Is significant only at 
the lower velocities. This result is oi)1y to be expected for an ordinary (single-phase) 
fluid, because the temperature gradient does net appear In the equation of motion of the 
fluid (we are excluding indirect effects due to buoyancy forces). In contrast, the tem- 
perature gradient appears explicitly in the (simple) superfluld equation of motion^ 
eq (6), as part of the chemical potential gradient. Even though that simple equation for 
v^ Is not expected to remain valid for our conditions, it suggests the possibility that v^ 
ifilght be a function mainly of Ap; this would make V also a function of 4j, at least If p^/p 
is not too small. This possibility Is completely excluded (for our conditions) by the 
weak dependence of V on AT. To make a numerical comparison, we can use the expression 

pAp - AP - psAT 

which we have Included in the data listing in Appendix 1. We find that under most con- 
ditions, the temperature difference dominates the chemical potential difference, and that 
neither one has much Influence on the net mass flow. As a typical example , we can examine 
the data for T - 1.92, AT ^ 0.019; not until AP ^s about 50 times smaller than 
psAT ('^ 2150 Pa) do we see much effect of the latter on V. 
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Figura 12. The pressure difference vs the net fluid velocity it 2.100 K. 
The dashed [solid] line Is eq (41) [(42)]. 
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Figure 13. The pressure difference vs the net fluid velocity at 1.919 K. 
The dashed [solid] line Is eq (41) [(42)]. 
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Figure 15. The pressure difference vs the net fluid velocity at 1.395 K. 
The dashed [solid] line Is eq (41)^(42)]. 
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A rtUtedi but not^tqulvaUnti obiarvitlon 1i that nalthar nor bacoMi iolaly a 
fynetlon of AP In thli lasN Unit. Thli conparlion Is not quita ai claar-cut ai for V vi 
6ft bacaUia and (unllka V) can vary significantly along tht flow tuba, ai can ba 
laan fron the axpraiiloni obtalnad fro« cqs (1, 2| and 19). 




Tha variation of both q and T can causa substantial changas In v^ and v^. Navarthalass, 
tha avaraga of tha valocltlas at tha ends of the flow tube, plotted against the overall 
pressure difference, ought to give a good Indication of whether or not the local value of 
velocity Is solely a function of AP. Such plots of the two worst cases of correlation 
between v^ or v^ and P are shown In Fig. 16 and 17. The data for a particular At fall on 
two llnesi whose difference Is correlated with the sign of AT (relative to AP). These 
worst cases are also the casas where v^ and v^ differ the most fron V. In those cases 
Where there Is a good correlation of v^^ or v^ with AP (e.g. , at T « 2.10, v^ at 
T • 1.39, or all the small AT data) then It Is also true that these velocities do not 
differ significantly from V. 

The final major observation to make Is that the numerical results for V vs P are 
largely Indistinguishable from what we would er.pect for an ordinary fluid at these veloc- 
ities. For an ordinary fluid, the flow Is known to be turbulent for Reynolds numbers 
greater than 2 - 4 x 10^. The most reasonable choice (but not the only one!) of a coun- 
terpart for He n might be the "total" Reynolds number, defined by 

Re = (40) 

For all our conditions, this Is equal (to within 15%) tu 1.15 x 10^ V, for V expressed In 
cm/s. Then the range In velocities that we could cover corresponded to a range In Re of 
5 - 85 X 10^, all apparently above the threshold for classical turbulent flow. If the 
Inside surface of the flow tube were smooth enough, wir know that the pressure drop for an 
ordinary fluid should be given by the "Blaslus Formula" 

APg = 0.079 Re"^^''*^ ^ ((l/2)pv2] (41) 

This formula Is shown on each of the graphs (Figures 12-15) as a dashed line. We see that 
thte main trend of the data Is reproduced. In the high velocity region, the formula under- 
estimates the pressure drop, but for an ordinary fluid, a rather modest surface roughness 
would be capable of making up the difference. We have no data on the surface roughness of 
our flow tube, so that we are not able to determine If this accounts quantitatively for 
the difference. 
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Figure 16. The pressure difference vs the average superfluld velocity at 
2.100 K. Cf. Fig. 12. 
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This rtiult It vtry appti11nB» btciuu It suggests that the two-fluid c(yna«1cs re- 
dueet to ordlnery fluid 4yne«1cs In sooe Uniting cases. It suggests, even If only fur- 
thtr txperlsient can pirovt, that the pressure drop should change with L and D In the saie 
iMty as the ordinary fluid results eq (41 ). It night be suggested that the superfluld 
fraction has been reduced to zero by thu large flow velocities but that can be ruled out 
Oft a nunber of grounds, Including the results reported In the next section, which would 
dlspl^ no hoat transport above the "enthalpy rise" value If the heat current were only 
the themal conduction of He I. Actually, It presents a difficult prob1en» because there 
Is no obvious wiy to derive such results fron the current versions of two'^fluld hydrp*- 
dynanlcs. 

For the purpose of a nore sensitive comparison of the data, wn have nade a rough fit 
to a constant friction factor fomula, defined by 

APg = f [(l/2)pv2] (42) 

where f has the values 0.0062, 0.0062, 0.C067 and 0.0075 for the tenperatures 2.10, 1.92, 
1.65 and 1.39 K respectively. This fomula Is plotted as the solid line In figures 12-15. 
The fractional deviations of the data from this formula have been plotted In Figs. 18-21. 
This plot gives a more exact Impression of the data coverage, scatter and departure from a 
sinple behavior. 

We have not yet found any simple correlation for the lower velocity data, nor have we 
been ^ble to specify what condition U Is that determines Just where that region starts. 
However, In all the conditions encountered In this experiment, this Ignorance Is In re- 
gions where the pressure drop Is small enough so that It m^y be mainly of academic 
Interest. 

No correction was made for end effects, because we have no experience that Indicates 
that they should be made. If such an extra pressure drop were present, of about the sane 
size as for ordinary fluid flow (say 1/2 pV^), then It would represent about a 6% correc- 
tion to the data. 

If the change due to the curvature of the flow tube were about the sane for He II as 
for an ordinary fluid In turbulent flow, then there would be about 1% extra pressure drop 
at 10 cn/s, and about liu^ extra pressure drop at V » 70 cm/s [29]. 

4.2 The Hoat Current Deisltv 

We have shown In sections 2 and 3 th/>t the quantity q2 represents the useful heat 
(per channel cross-sectional area) that can be removed from a heat source by the fluid In 
a cooling channel. We showetl that for a heat source wh^ch Is a small heated section In 
the middle of a cooling channel of length 2L, assuming the other conditions are matched, 
our experimental result for q2(V), V > 0, would represent the heat absorbed bv the In- 
coning fluid, and that the result for q2(V), V < 0 would represent an additional heat 
conducted awi^y by the departing fluid. 
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Flguri 18. The diU of Fig. 12, plotted as devlitlons fron eq (42). 
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Figure 19. The data of Fig. 13. plotted as deviations from eq (42)* 
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Figure 20. The dita of Fig. 14, plotted i< deviations fron eq (42). 
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F1{uri21. Thidata of Fig, IS, plottid II diViitloni frMiq (42). 



Th« ftiuUs for ^2 «r« shown In Figs. 2;?-25, where they are plotted as a function of 
V. The symbols Indicate the nominal values for AT, but the explicit dependence on AP is 
not 1ndica*.ed; it can be Inferred frow the vrtlue of V. 

Constructing a corrarlation for data is not so straightforward as for the net 
fluid velocity. In that case^ mass conservation required that V be a constant, so that 
once U was found that AP is mainly a function of V, we can infer that the local and 
average pressure gradients are nearly the same. In this case, the temperature gradient 
and the heat current dwn-icy can turn out to be strong functions of position along the 
tube. 

We proceed in a manner similar to that found in section i.i The one-dimensional 
energy equation (eq (20)] givers us an expression that relates qM to T(x), and to the 
velocity and the local pressure; the latter two quantities can be taken directly froi 
experiment. The model building comes in trying to devise a successful second equation 
that will allow solution for the unknowns q and T. 

The most natural choice we have come up with so far is to set the chemical potential 
gradient equal to one of the mutual friction expressions using eq (10) with 8Vg/8t = 0. 
This amounts to setting q equal to some simple function of Vp. 

We used Vinen's expression [9], 

^^saS='^PsPn(lV^I - ^e)W^s) (43) 

and took the values for A from his graph. The value of v^ (not very influential in the 
calculation) was arbitrarily fixed at 0.5 cin/s, a value near his. 

The equations were Integrated numerically, the T at Xg fixed at Tg, and q given 
various starting values, until the temperature at the other end matched. The resulting 
values of qg are displayed as the solid lines on the graphs of q vs V, Fig. 22-25. 

The calculations do reproduce seme features of the data. First, they do a reasonable 
Job of doing what they were originally designed to do, i.e., predict the V - 0 data, the 
poor spots being T - 1.395 and T - 2.100, where the calculated values are all about IQX 
high. Second, for the higher T's they do a reasonable job of predicting the slope of q2, 
near V = 0, Finally, one curve (Fig. 25) does go through zero (albeit much more steeply) 
about where the data reverses sign, at the lowest T and AT. This last /eature, and the 
other sharp drop at negative V, are found only fcr the conditions in which AP becomes 
large enough to cause Ap to reverse sign; we have iht interesting possibility of a heat 
current flowing toward high*ir temperatures. ULifcrtiinately, the ^experimental evidence for 
this current reversal is r^ot quite compelling. The data had a small & matter, and were 
reproducible, but the possibility of a systematic error (an extraneous heat input) of 
about the size needed to cancel the effect, cannot be excluded. 

Overall, though, this simple theory does not work very well, the most striking result 
befng ti at for both V : 0 and V > 0 the observed q2 ^s less than expected. As originally 
formula, d, Vinen's arguments that lead to eq (43) clearly suggest that the equation 
should remain valid when \l ^ These results lead us to conclude otherwise. 
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Figure 22. The useful heat current density vs the net fluid velocity at 2.100 K. 
The solid lines are the calculations that assume mutual friction Is 
unaltered by the net fluid flpw^ 
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Figure 23. Tl.o useful heat current density vi the net fluid velocity at 1*919 K. 
The solid lines are the calculation! that assume mutual friction is 
unaltered by the net fluid flow. 
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F1s!jre 24. The useful heat current density vs the net fluid velocity at 1.650 K. 
The solid line Is the calculation that aitumei mutual friction Is 
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Figure 25. The us'tful heat current density vs the net fluid velocity at 1.395 K. 
The solid lines are the calculations that assume mutual friction is 
unaltered by the net fluid flow. go 



Thut rtsulte hm to bt suggesting that we night retain Vinen's Identification of 
the source of nutual friction with the presence of vortlclty In the superfluld fraction, 
If we now suppose that the net fluid flow U capable of generating superfluld vortlclty, 
In ajTjunts over and above that generated by the mean counter flow of the two components. 



Without understanding quantitatively how mutual friction Is Increased by mass flow we 
can still draw som qualitative conclusions which Indicate that In some circumstances at 
1east» much more heat can be transported by forced convection than by "natural" convec- 
tion. 

Our reasoning Is based again on Investigating the limit ss the heat current goes to 
zero everywhere except near the heater. The energy equation for He 11 also Integrates 
Immediately to give the now familiar result that the total heat absorbed by the fluid Is 
equal to the enthalpy difference times the flow rate. For the Incoming fluid (V > 0), we 
get q2 » pVC AT; for the departing fluid (V < 0), we get q2 - 0. The positive velocity 
portion of the enthalpy-rlse-heat-current Is given on the graphs (Figs. 26'-29) of ^2 vs 
V. This value fiAould, and does, act as a lower bound for the useful heat that can be 
rejected by the heat source. If the extra mutual friction caused by the mass flow has not 
"killed off" the heat current, then we .an expect an extra contribution. 

Now let us consider a comparison of "natural" to forced convection. Suppose we want 
to use the flow tube from these experiments to cool some localized heat source. First, 
let us estimate the best that we can do at 1.8 K with pure counterflor, with two tubes 
connected to the source, but no forcing of circulation around the loop. We suppose that 
we have a pressurized system so that we can Increase the AT to 0.300 K. At best, the heat 
current per tube will Increase as the cube root of T, and since q2(T = 1.92, AT = 0.047, 
V - 0) = -1.11 W/cm^, the best we can do (Ignoring the temperature dependence of the propor- 
tionality constant In equation (P)) Is 



Second, how well can we do with forced convection? The enthalpy-dlfference-heat-current 
(the lower limit) for the same AT Is 



B. ENHANCEMENT OF HEAT TRANSPORT BY FORCED CONVECTION 





If we have enough head (2<5 m) to force the flow at 200 cm/s, we get 



42 W/cm^ 



00 



which Is 10 tiflies larg er > The p ump work divided by the heat transppftMLli 




Figure 26. The data of Fig. 22. The lines are the enthalpy rise values for the 
different AT's. 
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Figure 27. The data of F1g. 23. The llnei m the enthalpy rise values for the 

different AT's. 
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Figure 29. The d4.la of Fig. 25. The lines ^re the enthalpy rise values for the 
dlfferiJiitAt's. 



AP>V z 3.6 xlO^ Pa r 3,6 X 10^ z 1.7% 
pV/C dT 0.21 J/cm^ 2.1 x 10^ 
P 



If 17% puipwork were acceptable, then another factor of 3 Increase In heat absorbed Is 
poislble. 

While this exaMple my not be typical of any prospective application, It does 
llluftrate how In iom iltuatloni forced cooling night be of Interest. 

These eKperlnental results for 92 show the transition froii this purely classical 
and predlct^le heat transport to the isore or less predictable values for zero nass 
flow — the pure counterflow regime. 

6. CONCLUSIONS 

This experimental study enables the following generalizations to be made regarding 
combined heat and mass flow In Helium II. 

1. Velocity of flow Is primarily a function of pressure gradient. Towards the higher 
velocities encountered In these experiments, the relationship between velocity and 
pressure gradient Is Independent of the temperature gradient and strongly resembles a 
classical fluid. At lower velocities a complex relationship exists between V, dJ and 
AP, which needs further clarification. 

2. At zero velocity, axial heat transport typical of the "mutual friction" regime Is 
again confirmed. Either positive or negative velocities reduce this heat transport 
below what would be calculated from the Vinen theory, and, as the magnitude of the 
velocity Increases, classical forced convection heat transport Is approached. For 
strongly negative velocities there is some evidence that a reversal In the direction 
of the heat current takes place as predicted from the Vinen theory. More definitive 
experiments would be required to confirm this. 

3. In practical situations, axial heat transport far In excess of the usual pure 
counterflow values may be achieved by imposing mass flow or forced convection with 
the usual classical pressure drop. 
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9. NOHENCLATURE 

EnflHih 

A Gorter-Htllink conitant 

^d* ^1* ^0 horizontal croii-itctlonal area 

Ay crosi-soctlonal irta of tha flow tuba 

Cp Isobarlc haat capacity par unit man 

Ci C^i C^i capacitance 

D dlaneter of the flow tube 

E total energy of the helium 

g gravitational constant 

h, hp hg, hgj^^ enthalpy per unit mass 

Jy (J^) the energy (total energy) current density 

t active capacitor length 

L flow tube length 

1*0 length of quantized vortex line per unit voluflie 

M («i n*) the total (liquid, vapor) mass of helium within the inner vessel 

P. P]! P21 Pjv pressure 

pQi Pj (for gas flow measurements) the ambient pressure, the partial 

pressure of water vapor 

0 heat current or rate of heat addition 

kt Q2* ^ent ^^^^ current density 

Re Reynolds* nm'tizr 

I, s*, Sp S2 entr^'oy per unit mai^s 

T| Tp T^^^ temperature 

U total Internal energy of the helium within the inner vessel 
Ui u\ Up U2, u^^^ Internal energy density per unit mass 

v, v' volume per unit mass 

v^i V| normal and super component velocities (cross-sectional average) 

V net fluid velocity (cross-sectional average) 

^b* ^e' ^1' ^0 vertical velocities 

X axial coordinate 

2p Zj, t^f 1^^^ altitudes 
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Srttk 



Q 



Itt 




(Indlcataa tht diff trance of two valuas) 
dialactric conttant 
coafflclant of vlicoslty 
Mas par unit voIum 

Gibba potential par unit Mas (chanlcal potential) 
vortkity 

volUMtrIc flow rate 



Subscripts 



1 (2) 



or 



for the outside helium bath (Inner vessel) 



0 (1) 



Oi (b| d) for evaporation maasurements (the vacuuai can, the dewar) 



SV, svp along the liquid-vapor coexistence line 

u (e) associated with the internal (total) energy density 

Superscripts 

prlned and unprimed quantities distinguish between the vapor and the liquid, 
respectively 



ent 



at the entrance of the flow tube to the Inner vessel 
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APPENDIX 1 



The following tables give the Important results for almost every data point taken 
during the long run. Listed are the average and the difference of the temperatures of tte 
Inside and th^ ciitside helium vessels (THEAN^DT), the altitude difference calculated from 
the precced1^;g two quantities (DP), the velocity of net fluid flow through the flow tube 
(V), and the nominal heat current density at the Insldv^ end of the flow tube (Q2). 

The sign convention Is determined by taking the positive direction to run from the 
outside toward the fnslde. Therefore positive temperature differences indicate that the 
inside was hotter than the out^ de; a positive pressure difference, that the inside end of 
the flow tube Is at a higher p dssure than the outside end. The negative values of Q2 
Indicate that heat is flowing towards the (cooler) outside, etc* 

All tfHnperatures are given in kelvins (measured on the Tgg He vapor pressure 
scale), the pressure difference is given In pascals (= 1 newton/meter^ = 10 c|yne/centi- 
meter^), the altitude difference in centimeter^, and the velocities are given in centi- 
meters/second. The reader should be alert to a practice that is co«^n1y found In the 
Ke II literature and this paper, and that Is the mixing of MKS and cgs Miits. Therefore, 
when various quantities are multiplied together, further multiplicatioh by powers of ten 
may be necessary to ma ir. tain consistent units. 

Each data point Identified liy numbers found In the ninth column of the table; the 
month and day on which a data*taking s^ islon was starr-H <^ Hioicated by t^e numb^'^r under 
DATE , the sequence number for that data point is ino; tmer HH, and the mode number 
that indicates the location of the liquid Interfaces given undor MO (see Table 1). The 
data points have been sorted: first by TMEAN, tnen by whether they are regular data points 
or equilibrium points (Q2 = 0) and finally by chronolojical order. 

In columns 7 and 8 are given the results for the two auxiliary thermometers TIB and 
T06. They were Intended to measure the temperatures near, but not at, the inside and 
outside ends respectively. (See the text for an account of the relatively large uncer- 
tainties In this particular measurement). The temperature of the outside helium bath was 
subtracted from the Indicated temperature at each location to give the listed values of 
DTIB and DTOB. 

Several other quantities of possible Interest can be calculated from the experimental 
results by using known values for some thermodynamic properties and some formulas from 
section 2 and 3. We have listed RDMU, th'9 density times the difference In the chemical 
potential, wiilch Is given by AP - psAT. Also tabulated Is Ql, (Ql = q^), the nominal heat 
flux density at the outside end of the flow tube, defined by Ql = Q2 (Z2*z^)pV. Finally, 
we have tabulated the nominal values for the normal- and super-fluid velocities at the two 
ends from the formulas 
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= V + -91 . . 



vsi = - ;n Ji. . etc. 

The therMdIynaalc properties were taken fron a power-law Interpolation of tables A and E of 
Puttenun [8]. 
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Appendix i (continued). Experlir.inta) Data. 
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.2 0.300 0.00 

-1*6 0.000 0.00 

-.3 0.000 0.00 

-.6 0.300 0.00 

-.2 0.000 0.10 

0.000 0.00 

.2 0.000 0.00 

-i.e 0.000 o.ou 

-.9 0*900 0.00 

.7 0.000 o.eo 

1.0 0.300 0.08 

1.2 0.000 0*00 

.7 0.300 0.10 

.6 0.000 0.00 

-397.6 -.231 -8.42 

•602.0 -.169 11.12 

-312.9 -.198, -2<t.02 

•360.9 -.231 -8.61 

•i.51.1 -.127 19.62 

•691.1 -.130 19.99 

•651.1 -.127 19.37 

-276.0 •.178 -36.81 

•276.0 -.laO -31.90 

•276.0 -.180 -30.01 

-966.6 -.078 31.96 

-190.9 ••197 -61*18 

•16.7 -.152 •95.89 
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-*29 
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e*03 
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1.62 


1*61 
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t,61 
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52.19 
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•96*12 


•55*t9 


•92.97 


•65,63 


•65*01 
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•25.es 


•25*60 
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26*91 
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26. SS 


•73,70 


•67,26 


•66,13 


16,26 


23,69 


23*14 


•7.06 


1.63 


1*62 


'28.92 


•20.62 


•20.19 


0.00 


0.00 


0.00 


OlOO 


OiOO 


0*00 


0.00 


0.00 


OiOO 


UeUy 


A. AA 
Ue VV 


ViVi 


0.00 


OiOO 


0.00 


0.00 


o.oo 


OiOO 


6.00 


0.00 


0.00 


yiuu 


A AA 
Ue UQ 




0.00 


o.eo 


0.0^1 


0.00 


0.00 


OiOO 






OlVf 


Q.CO 


0.00 


OiOO 


0.00 


0.00 


0.00 


A AA 


B.BV 


A.IA 

lleVv 


0.00 


0.00 


0.00 


o.oo 


0.00 


0.00 


•9.25 


.69 


.69 


11.93 


19.33 


19.22 


•26*19 


•17.78 


•17.66 


•9.29 


.69 


.69 


21.16 


26.78 


26.62 


21*69 


27*29 


27s59 


20.87 


26*91 


26*35 


•36.01 


•30*99 


-30*36 


•36.60 


•26,89 


•26.66 


•32.78 


•25*21 


•25.03 


36*01 


37*60 


37.30 


•65,16 


•38*67 


•36*39. 


•61.69 


•59*60 


•99.16 



Appendix 1 (continued). Experimental Data. 
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.02001 ib.91 

tillH} .Oim lb.9S 

Itinil i91969 

iiNlti .OiHi 

lillMl M.ol 

limit 

iillllJ .n972 -.2$ 

umv «oi9rr •I.JO 

t»l9IH .01900 2.00 

itllBIl .aoo^ •2. XI. 

itiflll .01992 -l.l? 

Otimo .01001 -raj 

|«lfVb .0200II -IfiO 

liJfllJ .42007 -l.^i 

ttmt4 .02110 -{.oil 

i«mtr .J1I02 M.tj 

liJMIi .01911 -0.06 

lilfIX iJ19J0 <•.<•$ 

t«m7<i .iinr •i.ti 

tiW77 .aii2J •2ii.4i 

limiO .0092J lC.i2 

tihOOJ .1102] '2hs^ 

• mil <lt020 l(..27 

• 19192 .lO'JI iiif 
liltIO) lOSOlb -S.M 
l«mOO .]SS1^ 'ls,<ii 

umoo .)Si2i i*v 

li29|0i .J0S2> -i:.*.) 

||}9I0) .0)&2S 17.il 

1 129170 .mi J 

Ii]tf77 .J9S11 -^^9 

ti}907t .0)^97 -10. ^4 

iim7J *ii<*<ti 

1.391190 .Q$4i22 

lilOH* .J(*>2<i -liSI 

li]9b«9 .OSdJl -2. Jit 

ti29499 .0)<«J1 -S.Hb 

li29b^4 .09it32 W.dS 

t«J9b99 .OS<»Jit -SiZ? 

:4J99bl .0«ii35 -7,02 

l«m:<i -3i93 

Iil930f iOS'«37 

l(39S0ii •0SO3 -b.Xu 

0.39907 •0$ii37 -It. 53 

1*39)CS •aS<*37 -6.15 

|«)9500 .05(i39 •it.7S 

ti399bb •9»<*39 -$.«»S 

1.39009 »iikki -e.9» 

0(39913 .09<i39 'iM 

1.39911 .09<.4il -9.79 

1*39913^ .09<tiil • -9.1b 
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02 
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-itO.Vj 


•.029 


-1^9.(1 


31. >b 
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-It6.b7 


■•'.031 
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39.9b 


-.192 


lJ7.f 


-J2.97 
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-62. «. 


22. 7J 


•.19<t 


2fa.7 


-12.0it 


•.100 


• 17. 7 


• CO 
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71.^ 


-22. «1 


-.IVO 


■'•.2 


0.b3 


•.236 


13.7 


•b.99 
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.9 


It. 97 


••23b 


<«.<. 


•<t.U 


-.223 


3.6 




-.239 
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•.230 


J.b 


u.OJ 


•.229 


•84.2 


27.08 


•.101 


92.4 


•27.72 
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•.381 
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-m).9it 
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••3be 
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-.127 


S2 
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•.327 


9. J 
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•61. b 


2it.]2 


>367 


Jl>l 


•23. HI. 


•.216 


5. It 


O.CJ 


-.323 


•39.J 




•.3b2 


9C.ll 


-19.08 


•.239 


9.b 


b.Ou 


•.32it 


•29.9 


;7.6<« 


•.3b3 


Jb.7 


-15.98 


•.299 


•16.b 


19.99 


-.362 


27.6 


-12.91 


-.270 


9.b 


0.0] 


•.329 


•7.fl 


12.07 


•.397 


19.0 


•8.5b 


•.290 


-ii.2 


9.92 


•.391 


19.it 


•b.63 


-.310 


5.9 


i}.00 


•.329 


•1.2 


7.21 


•.3<t3 


12.2 


-•t.6b 


-.309 


1.1 


I..94 


•.337 


lO.li 


•3.61 


•.3U 



OTOB 


one 


DOTCNNHO 


IK) 


(KI 




.J}07b 


.01006 


9 '•12 <• 


.00199 


.01006 


9 Iil3 3 


.30090 


.01702 


9 619 (t 


.03197 


.01092 


9 616 3 


lOOOOb 


.01702 


9 617 k 


.03190 


.01020 


0 610 3 


•13102 


• OlOOit 


9 itl9 1 


.33112 


.01791 


9 620 1 


•30122 


.01039 


9 621 1 


111 Ail 


III i9L 


ft kff 1 


•OOlbl 


•01062 


9 623 1 


.63119 


.01039 


9 626 1 


.00119 


.01090 


9 629 1 


.33100 


.01196 


9 626 1 


•00111 


.01060 


0 627 1 


.31106 


•01066 


9 620 1 


.00119 


.01971 


) 0 9 1 


.30098 


.0176(1 


9 0 6 1 


.00090 


.017(t2 


9 0 7 3 


•03136 


.01791 


9 0 0 3 


.03309 


•05295 


9 0 9 1 


.03158 


• Oit92b 


9 010 6 


.33963 


•09371 


9 on 3 


t vilw 


. l>*OiU 


7 QIC H 


•01128 


.09397 


9 613 3 


.]30Q«t 


•05368 


9 Olb 3 


.23386 


•09286 


9 816 1 


.03212 


•09063 


9 817 6 


.0072e 


.993it9 


• 9 910 3 


.0]22it 


•0S109 


9 819 It 


.J0309 


.05298 


9 9 11 


.d0363 


.0920t 


9 9 2 1 


.33377 
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•09122 


9 9 6 1 


. jOb^i. 
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•09190 


9 *U I 


.33253 


• !!9000 
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•09293 
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.03379 


.09207 
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.00290 


)09102 
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.33957 


•09291 


9 916 1 


•C0260 


•09110 


9 917 1 


.91917 


•09291 


9 910 1 


.30379 


•09211 


9 919 1 


.00271 
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9 920 1 


.00^71 


• 0921.9 


9 921 1 


.01290 


•09199 


9 922 1 


.00iib9 


.092i)l 


9 923 1 


.013'0 


.05213 


9 92it 1 


.00309 


•09176 


9 929 1 


.OOltSb 


•09237 


9 926 1 


.30323 


.09188 


9 927 1 


.001.19 


•09232 


9 920 1 
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(Ml (M/CH2I (CH/S) 

•613.0 -.097. 30.itO 

•109.6 -.190 •69.29 

-696.7 ^.099 29.79 

-9I.( -•Ul -67.70 

•lil.l •,073 36.03 

•no. I ••167 •I6.2I 

•361.6 •.IIS •0.67 

•63D^I •,U6 lltll 

•366^0 •,tl7 •19^6I 

•309^6 ••197 liOl 

•30UI ••191 •}7i9l 

-377.3 •.117 .16 

•3i0^9 •.111 ^Ib^ll 

•I76^l ••III -l^ll 

•367^l ••113 'IMI 

•371.0 ••III •0(I1 

•399,1 -.110 •0,11 

•393,6 -,219 'O^ll 

-666.0 -,lll 10,61 

-269^7 -,17« •IU90 

•1032,9 ••m -lliOl 

-1300^1 •,10t )6i76 

-011.0 -,3II -6I^10 

-1369,1 ••091 11.99 

-726,0 -,b06 "11.11 

-903,0 -,377 -l^iOl 

•1032.0 •.326 "lOiOl 

•1166,2 ^,170 11.00 

•936,2 •,373 •36.00 

•1132,9 ^,196 16^06 

•71h6 •,327 ^10^91 

•1092,0 ^,327 •10.92 

•1031,7 -,327 ^10.92 

•1099.0 ^,220 1S.09 

•961,7 •.363 •30.71 

•1011.3 ••323 ^10.06 

•1099.9 ^.260 0.19 

•960.3 -.399 •27.09 

•1012.0 -.326 •10.00 
•1066.2 9.67 

•902.2 ^.392 •26.96 

•1039.9 •.IfiO 3.69 

•991.9 -.363 ^21. 96 

•1016.3 ^.329 •lO.OO 

•1026.9 •.206 .10 

•1000.9 ^.362 ^10.30 

•1026.0 -.292 -1.07 

-1006.O •.31.0 ^16.71 

•1016.7 ^.329 -10.09 

•1021.7 -.301 ^6.29 

•1000.6 -.337 -19.17 

-1019.9 •.OO/ ^6032 

•1010.9 -.336 •16.13 
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<tl.i»3 


66.16 


63.00 


•96.11 


-60.10 


•67.76 


27.70 


32.21 


32.11 


•12.60 


•66.90 


•61.19 


36.63 
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39.71 


•39.67 
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•11.91 
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•11.79 


•1.90 
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•11.17 
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•13JI 
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16.01 


16.11 
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•61.17 


•19.13 


•21.7b 


19.72 
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.97 
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•16,31 


.97 


.11 


•16.31 
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.19 


16,69 


29.60 


26.16 


•39.29 


•22.00 


•22.36 


•16.19 


.9! 


.91 


9.00 


21.39 


21.0S 


•36.62 


•)0.30 


•10.01 


•16.21 


.90 


.90 


6.30 


10.72 


10.62 


•31.<.1 


•19.23 


•I6i92 


3.86 


16.66 


I616I 


•28.16 


-12,11 


•11.96 


•16.26 


,96 


.90 


•.37 


13.12 


12.93 


•23.56 


*7.7fl 


•7,93 


-2.06 


10,96 


10.00 


•21.55 


•5.77 


•9.61 


•16.22 


.96 


.16 


•9.91 


6.23 


6*12 


•19.62 


•3.99 


•3.06 


•0.b6 


9.97 


9.91 


•10.30 


•2.60 


•2*91 



Appendix 1 (continued). Experimental Data. 



INIAN Of 02 

Ul (Ki CCH) 

limit ,nHi>* -1.79 

ItMii . 11917 -^.91 

lil«K9 .IIH16 l.jii 

liJ9li4 -iCd 

li)9)ti] .10125 3.&t 

li}9l<»4 thlti -tuS 

t«)93<»r .19121 is.ro 

1.J9M iJitllO 12.IIH 

, li)9)«9 .00127 -.GS 

1.39^9 .3G12J 

l.niSa ,90124 -l.tZ 

M9»2 .4012^ l.Sl 

li39]ll .00123 -.1)5 

UnW .90124 -.SI 

lil9311 .09123 .11 

limno .99111 '.^ 

li39iO .)«lll .«) 

ii]93lil .04109 

1.193^9 1119129 •.OS 

lti%M .39121 -.N 

liJIlM .0012i .U 

Ii393l3 .OOUO -.3/ 

t.]93H .jJlK .a 

li393kl .OOU<i uf* 

UiSm .y«lll9 -.36 

1*393*11'' •09111 ,V 

1.19391 .1)9115 '.U 

iiS93Sb .oon^ 

1.393iS .JtllU <.:^ 

UiHM ,iillJ -.dt 

1.3937S .IDM 2<>.^S 

1.39312 .OOlil e.l2 

ti393$7 »mkH 4.J2 

1.3931)1 <901<»o -.Cb 

1.393M »mi" '.u« 

1.39]j7 .J0127 

l,993bG .JU12S .'-.97 

1.39357 .SQ121 15. 5j 

1(39357 .Siil2H 

1(99362 oj9l2d <t>i<* 

1.39360 .00120 c.4« 

1(39361 *99125 2.1? 

I(393b4 .00126 •.Qi* 

1.3931S .1191« -1.71 

1(39519 *0192'» -3.35 

1*39515 .11925 *;22 

1*39522 <01920 *2.72 

1.39919 .01923 >*d& 

1.39518 .0^917 -l.il3 

li395U .11920 -2.27 
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OTOB OTIS OATENNHO 

(K) (K) 

.00371 .05217 9 929 1 

.011S<i .01903 915 i 1 

.01128 .OlSdl 91$ 9 1 

• 10199 .019911 91!10 1 
.OllHd .0021)1 91512 1 
•01190 .99215 91913 1 
.01099 .90105 91916 1 

• OtOU .00102 91917 3 
.31093 .90091 9191S 3 

•.03103 .00080 91919 1 

.000311 .OOIM 916 S 1 

.0)191 .00161) 916 6 1 

. 000«i» .09203 916 7 1 

.0113II .00170 916 9 1 

.C9137 .00167 916 9 1 

>mv .91179 91619 1 

.03136 .99170 91611 1 

.OHM .00177 91612 1 

.J313i .99163 91613 1 

.Ii313<* .9il79 91616 1 

.90198 .99l7t 91617 1 

•0303) .09171 91619 1 

.00139 .90172 91619 1 

• 0333<» .0(171 91620 1 
.01132 .90166 91621 1 
.33038 .0(167 91622 1 
.0)033 .00169 91623 1 
.:0136 .03166 9162i» 1 
i30137 .00171 91629 1 
.03130 .00166 91626 1 

-.30110 .08072 10 330 1 

.JOOlb .00107 10 331 3 

••0J191 .au09i» 10 332 3 

•• 0900'; .00103 10 333 3 

-. 03010 .iy09« 11 33i» 3 

-.03009 .tlG007 10 9 3 1 

-.3OOI1I .CC079 10 5 I 1 

.30013 .00009 10 9 5 3 

-.C3003 .00(79 10 9 6 3 

-.03006 .00079 1( 5 7 3 

".30008 .0(077 10 5 S 3 

-. 00310 •0079 ID 9 9 3 

-•33009 •03077 1( 519 1 

».90009 .00077 10 911 1 

.03095 .01771 10 9U 1 

.30181 .01765 10 919 1 

.3(118 .01706 10 916 1 

.00081 . 01769 11 917 1 

.31112 •11703 1( 916 1 

.03098 .01776 10 919 1 

•90(92 r01770 It 929 1 
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li^lx l (continued), 'perlmental Data. 
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Thi purpose of this appendix Is to prove the assertion that the fonsulas alreacly given 
for the overall energy balance and energy flux In particular eq (36) are still 
correct when th9 gravitational and work terms are taken Into account. Our procedure Is as 
before, I.e., equating the change In energy calculated by two different lethods. 

In the first Method, we calculate the change In the total energy E of the he1iu« 
contained within the control voImc (the Inside vessel), due to the Increment In Its mass, 
when the temperature Is held constant. It 1s 

where dEg^^y Is the change In the gravitatio;ia1 potential energy, and dU Is again IM 
change In Internal energy or the helium. 

We can prove that the variation of u within the liquid Is negligible, by considering 
Its variation with depth. 



du _ /au\ dT . /au\ dP 



(A2.2) 



For equilibrium within the control volume, with a gravitational field present, we still 
have dT = 0, but now dP/di = ~pg, i.e., the pressure varies with depth within the liquid. 
However, using the measured values of expansivity and compressibility for the liquid to 
evaluate the size of the pressure derivative, we find that 



g 



Is much smaller (< 1%) than 'he corresponding variation of the gravitational potential 
energy density with depth (= d(gz)/dz = g), so that It can be safely neglected. 

Since u everyw:^ere within the liquid has nearly the same value that It has at the 
surface, we can repeat the entire argument used to eliminate from dU any explicit depend- 
en«:e on the vapor; we obtain the same equations [eqs (31) - (35)], as long as wc realize 
that the pressure in eq (33) Is the pressure of the vapor. Therefore, eq (35) Is still 
valid If we evaluate the enthalpy of the liquid at the pressure of the sturface, vJ ch we 
designate as P'2. 

We may evaluate the change In the gravitational potential, without loss of genev Jity, 
by assuming the Inside space to have a constant horizontal cross-section A^, and by evalu- 
ating the gain or loss of liquid at the surface (altitude Z2) and at the bottom of the 
Inside space (altitude z^). It Is 
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Na can express this dlffonntly by using eq (28) and the Identities dZ2/dt = and 
dz^/dt " V|,, and then combine It with the result for dU, to obtain 



dE = 



+ pg(Z2 ' z^) V^A^dt + pgZgVA^dt (A2.4) 

wtN^rei as before, T2 Is the Inside temperature, and U2 Is the liquid energy density at this 
temperature. 

The second Mthod is to calculate the energy that passes through the boundary of the 
control voluiie. It Is the sui of the electrical heat, the work done on the fluid by the 
walls of Its container, and the energy that entr^rc through the flow tube. 

dE ^ dQ - i\i j^Aj^dt (A2.5) 

The work term is evaluated simply by the p: \;i^ure-vo1uM j^ork done on the fluid by the 
top and bottom of the inside space, laking into account the hydrostatic pressure dif- 
ference. 



(P'2 * 8(^2 - ^b)) Vi^*^ 

' Vi^^ ^'^^.b) 



The totdi energ\' current contains, as before, the enthalpy current and the heat 
current, but we must also add a gravitational pot^;ntia1 energy current, gZg^|.pV, where z^^^ 
is the eUitude at which the fluid enters the inside space. The enthalpy is to be evalu- 
ated at ^he p'^'^ssure at which the liquid enters, v/hich is, by continuity in the pr^jssure. 
the local tluU: pressure at the altitude of entry, P ^ + P8(22 " ^ent^' Collecting terms, 
we find that che z^^^. t;;^rffis cancel to give 



je = (p%t*P'2* W*P922)V • (A2.;) 



7 

Then substituting into eq (A2.5), and equating it to eq (A2.4), we find that all ^.he 
regaining terns containing g cancel, and we recover eq (36). 
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tute the Federal Information Processing Standards Register. 
Register serves as the official source of information in the 
Federal Government regarding standards issued by NBS 
pursuant to the Federal Property and Administrative Serv- 
ices Act of 1949 as amended. Public Law 89-306 (79 Stat 
1127), and as implemented by Executive Order 11717 
(38 FR 12315, dated May 11, 1973) and Part 6 of Tide 15 
CFR (Code of Federal Regulations). 
NBS InlerageBcy Reports (NBSIR)— A special series of 
interim or final reports on work performed by NBS for 
outside sponsors (both government and non-government). 
In general, initial distribution is handled by (he sponsor; 
public distribution is by th.e National Technical Information 
Services (Springfield, Va. 22161) in paper copy or microfiche 
form. 



BIBLIOGRAPHIC SUBSCRIPTION SERVICES 



ne Mlowh« cnrreat-nwamcM tad Hteratnre-anrvey Mbll- 
•Vraphbe are Wmii period ka ^y by the Bvrean: 
OTngeak Dvta Center Oamt Awanaen Service. A litera- 
ture survey issued biweekly. Annual subscription: Domes- 
tic, $25.00; Forei^ $30.00. 
lUnMii Nahval Gab. A Ittf^rature survey issued quarterly. 
Annual subscription: $20.00. 



Supercondnctteg Devices aad Materials. A literature survey 
issued quarteriy. Annual subscription: $30.00. Send subscrip- 
tion orders and remittances for the preceding bibliographic 
services to National Bureau of Standards, Cryogenic Data 
Center (275.02) Boulder, Colorado 80302. 



